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A new, unified theory and algorithms, based on multiparametric programming tech-
niques, for the solution of flexibility analysis and design optimization problems in linear
process systems are presented. They are used for the flexibility test and index problems in
systems with deterministic parameters, and for the stochastic and expected stochastic
flexibility evaluation problems in systems with stochastic parameters. They are computa-
tionally efficient and give the explicit dependence of various flexibility metrics on the
values of the continuous design variables. The latter feature enables the easy and effi-
cient comparison of design alternatives. It also allows for the compact formulation of
design optimization problems that can be solved parametrically to yield the exact alge-
braic form of the trade-off curve of economics against flexibility. Key features of the
proposed approach are demonstrated through both mathematical and process examples.

Introduction

The design and operation of chemical plants are subject to
considerable uncertainties. These uncertainties can be classi-
fied in the following manner (Pistikopoulos, 1995). At the de-
sign stage, values of model parameters such as heat-transfer
coefficients and reaction-rate constants may not be properly
established, while during operation there will commonly be
fluctuations in process parameters (such as stream flow rates
and qualities) and external parameters (such as product de-
mands and prices). Moreover, there can be uncertainties in
discrete states corresponding, for example, to equipment
availability, while the mathematical models themselves may
not accurately represent the real behavior of the process. Un-
der these circumstances, it is clearly important to consider
the ability of a system to operate feasibly in the presence of
uncertainties, that is, its flexibility, as a process design objec-
tive.

In order for this to be achieved, it is useful to formulate
problems that enable a designer to (1) evaluate the flexibility
characteristics of an existing or proposed design with regard
to the expected operational requirements; (2) identify the
bottlenecks that limit flexibility; and (3) compare different
process designs on a common basis (Swaney and Grossmann,
1985a). Over the last two decades, a substantial amount of
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research work has been developed for mathematically formu-
lating and solving such flexibility analysis problems, both for
deterministic cases, where the uncertain parameters are de-
scribed through a set of lower and upper bounds, and
stochastic cases, where the uncertain parameters are de-
scribed by a joint probability density function (as reviewed in
Grossmann and Straub, 1991; chap. 21 of Biegler et al., 1997).
The purpose of this article is to propose a new theoretical
formulation and solution approach, based on parametric pro-
gramming, that provides explicit information about the de-
pendency of a system’s flexibility on the values of the uncer-
tain parameters and the design variables. This is achieved
through the solution of fewer subproblems than those re-
quired by earlier works. The focus of this article is on linear
process models; this will then serve as a prelude to future
work involving the flexibility of nonlinear systems and the
analysis of dynamic systems under uncertainty (in the context
of the interactions between process design and process con-
trol), where the use of linear(ized) models is commonplace.
The remainder of the article is organized as follows. The
different types of flexibility analysis problem (flexibility test
and index evaluation for deterministic systems; stochastic and
expected stochastic flexibility evaluation for stochastic sys-
tems) are dealt with in separate sections. For each problem,
the mathematical formulation is given and existing solution
approaches are reviewed. The parametric programming
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approach is then described and novel algorithms for the
solution of the respective flexibility analysis problems are
outlined and illustrated with a mathematical example. Exten-
sions of the parametric programming approach for solving
design optimization problems are also discussed. Finally,
three process examples are presented in order to demon-
strate the applicability of the new algorithms to engineering
problems.

Flexibility Test and Index
Definitions

The physical performance of a chemical process at steady
state can be described by the following set of constraints

hn(x,2,0,d,y)=0, me M, &y

0,(x,z,0,d,y)<0, leL, )
where h,, is the mth equation (such as material or energy
balance); g, is the Ith inequality (such as design specification
or physical operating limit) that must be satisfied for feasible
operation; x is the vector of M state variables; z is the vector
of control variables that can be manipulated during plant op-
eration, depending on the values of the uncertain parameters
0; d is the vector of continuous design variables that define
equipment sizes; and y is the vector of integer variables (usu-
ally 0-1) that define the structure of the process flow sheet.
Given nominal values for the uncertain parameters, ",
expected deviations in the positive and negative directions,
A 0" and A0, respectively, and a set of constraints, r(6) <0
(which may include equations correlating the uncertain pa-
rameters if they are not independent), the flexibility-test prob-
lem for a given design and structure is to determine whether
there is at least one set of controls that can be chosen during
plant operation such that, for every possible realization of
the uncertain parameters, all of the constraints (Eg. 2) are
satisfied. Mathematically, this is equivalent to evaluating a
flexibility-test measure (Halemane and Grossmann, 1983)

x(d,y)=gﬂgT< $(0,d,y), €))

where T={0|16N—-—A0" <0 <0+ A0", r(0) <0} If
x(d, y) <0, then the given design and structure are feasible
for all @ € T. The solution of Eq. 3 gives the “critical”” param-
eter values, 0°, or bottlenecks, for operation. Note also that
¥(0,d, y) is called the feasibility function, and corresponds to

¥(0,d,y)= min u,
X,Z,u

st. h(x,2,0,d,y)=0, me M,

0,(x,z,0,d,y)<u, leL, 4)
in which u is a scalar variable.

The flexibility-index problem is to determine the maximum
scaled deviation of the expected uncertain parameter devia-
tions that a given design and structure can handle for feasible
operation. Mathematically this is formulated as (Swaney and
Grossmann, 1985a)
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F(d,y)=max 8,

s.t. 0< max (0,d,y),
0eT(s)

T(8)={016N-5A0" <0 <0"N+5A07,r(0) <0},
8>0. ©)

A value of F =1 therefore indicates that the design has the
exact flexibility to satisfy the system constraints [in this case,
a flexibility test would give x(d, y)=0]. A value of F>1 im-
plies that an even wider range of uncertainty than that origi-
nally expected by the designer can be handled [ y(d, y) <O0J;
F <1 indicates that only a fraction of the expected parameter
deviations can be tolerated [ x(d, y) > 0].

Existing evaluation approaches

Assuming that there are no constraints, r(@)<0, the
simplest methods for solving the flexibility test and index
problems are vertex enumeration schemes (Halemane and
Grossmann, 1983; Swaney and Grossmann, 1985a), which can
be applied for certain classes of model (such as linear). A
drawback with this kind of approach is the fact that the num-
ber of optimization problems that must be solved increases
exponentially with the number of uncertain parameters, n,
(2™ problems). The implicit enumeration schemes developed
by Swaney and Grossmann (1985b) and Kabatek and Swaney
(1992) do go some way toward avoiding this.

Grossmann and Floudas (1987) developed mixed-integer
formulations for the flexibility test and index problems, which
utilize the fact that (@, d, y) is a piecewise-continuous func-
tion for a particular design and structure, with segments
characterized by different sets of active inequality con-
straints. As with the vertex enumeration schemes, this ap-
proach does not give information on the explicit dependence
of the system flexibility on the values of the continuous de-
sign variables d.

For the case when the system constraints (Egs. 1 and 2) are
linear, as is the focus of this article, Pistikopoulos and Gross-
mann (1988) showed that the feasibility function associated
with each set of active inequalities can be expressed analyti-
cally as a linear function of the uncertain parameters and
design variables when the process structure is fixed. The criti-
cal uncertain parameter values can then be obtained by
inspection for each active set and the flexibility readily calcu-
lated. Such an approach provides useful analytical informa-
tion; the drawback, however, is that it requires the a priori
identification of all the sets of active constraints. Although
Pistikopoulos and Grossmann (1988) proposed a systematic
enumeration procedure to achieve this, it can involve the so-
lution of a large number of MILPs since the number of possi-
ble sets of active constraints is often very large.

Varvarezos et al. (1995) tried to overcome these problems
with an approach that uses sensitivity information of Eq. 4
with respect to the uncertain parameters to only identify
nonredundant sets of active constraints. They also indicated
how, for a fixed flexibility index, the corresponding feasibility
functions can be expressed linearly in terms of the design
variables. In the next section, we describe an approach that
generalizes this within a parametric programming framework.
The parametric programming approach gives the explicit de-
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pendence of the flexibility test measure and the flexibility in-
dex on the design variables d, as well as the regions in d-space
in which these solutions are optimal. It also provides a plat-
form for obtaining explicit expressions for the cost of a sys-
tem in terms of a target flexibility index, and for efficiently
solving flexibility analysis problems in stochastic systems, as
will be shown in subsequent sections.

Parametric programming approach

For linear systems, the feasibility function formulation (Eq.
4) becomes

$(0,d,y)= min u,
X,Z,u
st. HyXx+H;z+Hp-0+Hy-d+Hgy+h =0,

Gy X+G, 2+Gy-0+Gy-d+Gyry+g.<u.e, (6)

where H and G are matrices of constants (or more generally,
functions of the integer variables y); h, and g, are vectors of
constants; and e is a vector whose elements are all unity. For
a fixed structure, Eq. 6 can be rearranged into the following
form

$(®)=min (cT-w+ub),

s.t. Aprw=b,+F;-0,
A,w<b,+F,:-0,
0<by;+F;-0,

w>0, (7

where w=(XT|ZT|D)"; ®=(0T|d")"; ¢ is a column vector
where the final element is 1 and all the other elements are
zero; A, =[H,|H,0]; b, =—H,x"—H,-z- - Hy-y—hg;
Fi=[—Hyl— Hyl; A,=[GG,|—e]; b,=—G,-x"—G,-z"-
—G, y—gc.+tute; F=[-Gyl-Gyl; K=x—x" 7=z~
75 U=u—u'; xt, zb, ub are lower bounds on their respec-
tive variables; and the constraints 0 < b; + F5- ©® incorporate
the lower and upper bounds on the uncertain parameters and
design variables, as well as other constraints such as relation-
ships between dependent uncertain parameters.

The reformulated system (Eq. 7) is now in the correct form
for solution as a multiparametric linear program (mp-LP) us-
ing algorithms already reported in the literature. For exam-
ple, the algorithm of Gal and Nedoma (1972) (see Appendix
A) can be used to give a set of expressions for ¢ that are
linear in @ (that is, in @ and d), and a corresponding set of
regions (defined by linear inequalities in @ and d) in which
these solutions are optimal.

The kth feasibility function expression given by the mp-LP
algorithm for the structure under consideration is of the fol-
lowing form

¥(0,d)= i af-0,+ Zd: B di + v, (8)

i=1 i=1

where ny is the number of design variables d; and «f, BX,
and v are constants. Once these expressions have been ob-
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tained, the flexibility test measure and the flexibility index
can be solved, not just for a given design as in previous works,
but as a function of the continuous design variables. This re-
quires the use of the properties for linear systems reported
by Pistikopoulos and Grossmann (1988) and a comparison
procedure similar to that proposed by Acevedo and Pis-
tikopoulos (1997b) in the context of parametric program-
ming. First, the critical uncertainty direction for each feasibil-
ity function is the one in which there is the largest increase in
(0, d). Mathematically this can be expressed as

apk
— |-Af8* >0, i=1,...,n,, 9
( ’?Oi ) i 0 ( )
where AgS ¥ is the critical deviation of the ith uncertain pa-
rameter. From Eq. 8, the partial derivatives dys%/36; are af,
that is, they are simply constants. It follows from Eg. 9,
therefore, that

Loy
(a) if — <0=A05k=—A07,
90,

ock=0N—-s*A0;7, i=1,...,n,; (10)
Lok
(b) if —>0=A0"%=+A6],
ock=0N+skA0,  i=1,...,n,, (11)

where 6% is the associated flexibility index.

For the flexibility test, the critical uncertain parameter val-
ues from Egs. 10 and 11, with 8% =1, are substituted into Eq.
8 to give the expressions

Ng
pR(O%K, d)= ) BK-d;+ €, (12)
i=1
where €X is a new constant term. The set of linear, paramet-
ric expressions for y(d), and their associated regions of opti-
mality, is then obtained by comparing the feasibility functions
(Eqg. 12) and retaining the upper bounds (see Appendix B).

For the flexibility index, linear parametric expressions for
8%(d), k=1, ..., K, are obtained by solving the linear equa-
tions ¢y [0%%(8%),d]=0, k=1, ..., K. The set of linear so-
lutions for F(d) and the associated regions of optimality can
then be obtained by comparing 6%(d) and the constraints
5%(d)>0, and retaining the lower bounds.

Based on the theory just given, the steps of the proposed
parametric programming algorithm to solve the flexibility test
and index problems for a linear process system with fixed
structure can be summarized as follows.

Algorithm 1

Step 1. Reformulate the feasibility function problem (Eg.
6) into the form of Eq. 7.

Step 2. Solve Eqg. 7 as an mp-LP using the algorithm of
Gal and Nedoma (1972), described in Appendix A. This will
give a set of K linear parametric solutions, ¢ *(®), and cor-
responding regions of optimality, CRX.
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Step 3. For each of the K feasibility functions, (@, d),
obtain the critical uncertain parameter values, 8% from Egs.
10 and 11.

Step 4

e For the flexibility test:

(a) substitute 8% with 8% =1 into the feasibility func-
tion expressions to obtain new expressions (pk(0°’ kd), k=1,

..., K, asin Eq. 12;
(b) obtain the set of linear s_olllgtions x“(d), and their
associated regions of optimality, CR", k=1, ..., KX, where

K, < K, by comparing the functions y*(8°% d), k=1, ...,
K, and retaining the upper bounds, as described in Appendix
B.

e For the flexibility index:

(@) solve the linear equations, ¥ [0%%(5%),d]=0, k=1,
..., K, to obtain a set of linear expressions for 5K k=1, ...,
K, in terms of d.

(b) obtain the set of Iineari)lutions FX(d), and their
associated regions of optimality, CR", k=1, ..., K¢, by com-
paring the functions 5%(d) and the constraints §%(d) >0, k
=1, ..., K, and retaining the lower bounds, as described in
Appendix B.

Ilustrative example

The steps of Algorithm 1 are now illustrated on a small,
mathematical example. The system is described by the follow-
ing set of constraints

hy=2x -3z +6, —d, =0,
1 1 1 7
g, =X —EZ —501+502+d1_5d2 SO,
4
g, =—2x+2z —501—62 +2d2+§so,
5 1 1
g3 =—X +EZ +591—92 —d1+5d2_1§0,
-50<x, 1z,
0<46,, 0,<4,
0<d;, d,<5. (13)
Step 1. The reformulated feasibility function problem be-
comes
W =min (G-50)
s.t.—2X+37 =50 40, —d,
1 1 1 7
X —EZ —u <-25 +501 —Eez—dl-i-zdz,
L R 1 4
—-2X+27 -1 5—50§+§61 +0, —2d,,
5 ~ 1 1
—X+EZ —u <26 —501 +92 +dl Edz,
0<0,, 6,<4,
0<d,, d,<5, (14)
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where lower bounds of x“= z-=u"= —50 have been used.
Note that a strict lower bound u® could have been found by
solving the original feasibility function problem with x, z, 0,
and d, all as free variables.

Step 2. Solving Eq. 14 as an mp-LP gives the two para-
metric expressions and corresponding regions of optimality,
Eqgs. A5 and A6, derived in Appendix A. These are repeated
below

yi(o d)=—39—50 +Ed—d +E (15)
’ 3 1 4 2 2 1 2 6'
3
201—502—2d1+3d251
CR!=
0<6,, 6,<4
0<d;<5.
) 1 1 1 1
] (0,d)=§01—02—5d1+§d2—§, (16)
3
201—502—2d1+3d221
2 _
CR™= 0<6,, 6,<4
0<d;, d,<5.
Step 3.
oyt
T<02A01C’1=—2, 01C'1=2—231.
1
oyt
ﬁ<02A0§’1=—2, 0§'l=2—231.
2
2
—9>0=A0f’2=+2, 0;’2=2+252.
1
9 2
%<0=A0§'2=—2, 052 =2-282
2
Step 4.
e For the flexibility test:
1 1
(@ (0%, d)=—d;—d, +—,
2 6
1 1
l[lz(oc'z,d):—zdl‘f'zdz‘f‘l.
N 1 1
0 XD =5d-d+ (an
5
ﬁlz 2dl_3dZZ§
d, <5, d,>=0.
) 1 1
X (d)=—5dl+5d2+1, (18)
5
R = 2d1—3d2S§
0<d,, d,<5.
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e For the flexibility index:
L 1
(a) 8 (d)=E(—3dl+6d2+10),

1
5%(d) = 1 (3d; ~3d, +10).

1
(b) Fl(d)=E(3d1—3d2+1O), (19)
1 1 5
_Edl+§d2S§
= 27OI ; 50
= — — < —
4371 27129
0<d;,, d,<5
0<d,<5.
1
Fz(d)=ﬁ(—3dl+6d2+10), (20)
1 5
Edl—dzﬁg
—2
CR ={ 27 50
—d,—d, > —
43 129
d, <5, d,=0.
F3(d)=0, (21)
1d 1d 5
— ——d, + = —
CrR =] 2017 2%=3
d, >0, d,<5.
F4(d)=0, (22)
1 5
cR'=|2h%>3
d; <5, d,=0.

The parametric flexibility test solutions, Eqs. 17 and 18, are
illustrated graphically in d-space in Figure 1, while the flexi-
bility index solutions, Eqgs. 19 to 22, are shown in Figure 2.
Note that Egs. 21 and 22, where the flexibility index is zero,
correspond to designs where the nominal uncertain parame-
ter point, )N = 6N =2, is infeasible.

Remarks on Algorithm 1

1. In some cases, it may be computationally advantageous
to first eliminate the state variables x from the equality con-
straints using simple matrix manipulations. If this is done,
then the feasibility function formulation (Eq. 6) becomes

¥(6,d,y)=min u,
zZ,u
s.t. éz-z+@0-0+§d-d+@y-y+@]‘Cswe, (23)

where éi =G;— G, H; ' H;fori=z 60, d and y;and §,=
gc_Gx'Hx_l'hC'
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_ 1
X -—7d1+ d,+1

25/9

0 5/6 5
d
Figure 1. Parametric flexibility test solutions in d-space
for the illustrative example.

2. The set of active constraints associated with each of
the K feasibility function expressions obtained from Step 2 is
automatically given by the mp-LP algorithm through the non-
basic slack variables (see Appendix A). For the illustrative
example just given, y* corresponds to inequalities g, and g,
being active, while 2 corresponds to g, and g, being ac-
tive. The process examples presented later in this article will
demonstrate the advantage of this compared to finding all
potential sets of active constraints (many of which may be re-
dundant) using the method of Pistikopoulos and Grossmann
(1988).

3. The algorithm gives the explicit (linear) dependence of
the flexibility test measure and index of a system on the con-
tinuous design variables. This reduces the subsequent com-

553
5
F=0
1073
1
F=1LGa 34, +10) , 97
129
4
F=L(.3d,+6d,+10)
i1 (-3d,+ 6d, 5/6
F=0
0 5081 10/3 5

d

Figure 2. Parametric flexibility index solutions in d-
space for the illustrative example.
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Feasible region of designs

3
6 8/3
S 773
/6 :
0 2 1353 5
4

Figure 3. Feasible region in d-space for the illustrative
example.

putation of these metrics for a particular design to simple
function evaluations and also gives a designer insight into
which design variables most strongly limit the flexibility.
Moreover, for the system structure under investigation, this
enables the construction of a “feasible region” in the design
space through the expressions x*(d)<0, k=1, ..., K, (or,
for a target flexibility index FY, through F¥(d)> F! k=1,

.., Kg). In Figure 3, the shaded area shows the “feasible
region” for the illustrative example, as defined by y(d)<0
N x2(d)<0. Any set of design values, {d,, d,}, that lies in
this shaded region, leads to a system that can be operated
feasibly through proper manipulation of the control vari-
ables, no matter what values the uncertain parameters take
within their lower and upper bounds. This clearly demon-
strates the power of this parametric programming algorithm
in enabling a designer to know, a priori, the full range of
flexible designs.

4. An alternative to Algorithm 1 is to use the flexibility
test and index formulations of Grossmann and Floudas (1987)
and solve them directly as multiparametric, mixed-integer,
linear programs (mp-MILPs), using, for example, the algo-
rithm of Acevedo and Pistikopoulos (1999) or that of Dua
and Pistikopoulos (2000). The latter algorithm is outlined in
Appendix C, where it is illustrated for the flexibility test of
the mathematical example given earlier. This method does
indeed give the same parametric expressions and regions of
optimality as Algorithm 1. However, such an mp-MILP
method offers little advantage because (1) it involves the so-
lution of far more subproblems (for the illustrative example:
6 MILPs, 3 mp-LPs, and a comparison of parametric solu-
tions, compared to just 1 mp-LP and a comparison of para-
metric solutions with Algorithm 1); and (2) it involves the
solution of much larger subproblems, since the vector of
search variables, w, must be expanded to include 6, the La-
grange multipliers p and A, and extra slack variables (for
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the individual mp-LPs in the illustrative example, although
the number of parameters is reduced from 4 to 2 compared
to Algorithm 1, there are 13 search variables compared to 6).

5. For systems that are nonlinear in the continuous design
variables d, as well as the integer variables y, Algorithm 1
can still be applied, provided that both the design and the
structure are fixed before Step 2. In this case, the complete
map of solutions in the continuous design space cannot be
obtained. However, linear expressions for the feasibility func-
tions in terms of the uncertain parameters 6 will be yielded
by Step 2, and the final results will be values for y and F. To
illustrate this, consider the nonlinear system described by the
following set of constraints

hy =2x —d;-z + 6, —d, =0,
1 1 1 7
g, =X —EZ —591+502+d1 _Edz <0,
49,
g, = —2x+2z -— -0, +— +2d, <0,
d; dy
5 1 1 5
g3 =—X +§z+501—02 —d; +Ed2_d2 <0,
—-50<x, z,
0<6,, 0, <4, (24)

with d; =3 and d, =1. Applications of Algorithm 1 gives

V)= 00t
3 4 3
3
Crio )20 50054
0<6,, 6,<4.

) 1 4
U (0,d)=§61—62——

3
3
CR? — 201—59224
0,<4, 0,>0.
2 7
X=3 F=E.

Design optimization for target flexibility index

The most general design optimization problem for systems
with deterministic uncertain parameters is to determine the
design that minimizes the system cost while maximizing the
flexibility index and ensuring feasibility over the associated
parameter range (Grossmann and Morari, 1983). This corre-
sponds to a bi-objective optimization problem that has no
unique optimal solution, but instead an infinite number of
pareto-optimal or trade-off solutions. Consider the case when
the (linear) objective function only comprises investment
costs, as commonly occurs in retrofit design problems. Com-
mon practice in the literature has been to obtain a finite
number of these solutions by essentially formulating the
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problem as (Pistikopoulos and Grossmann, 1988)
Cost=min «'-d,
d

st FMd)=2F,  k=1,...Ke, ()

dt<d<dY,

and then solving Eq. 25 repeatedly for different values of the
target flexibility index, F' Pistikopoulos and Grossmann
(1988) proposed an algorithm that uses range analysis in an
attempt to reduce the computational effort associated with
this approach. Their algorithm can be generalized, however,
and the exact, algebraic form of the trade-off curve obtained,
by using the linear expressions for F(d), k=1, ..., K, pro-
vided by Algorithm 1 and realizing that Eq. 25 actually corre-
sponds to a single-parameter linear program (p-LP) in F!
This can be solved (see Gal, 1995, chap. 3) to explicitly yield
all the cost solutions as linear functions of F'. For example,
for the illustrative example considered previously, solving

Cost= min (10d, +10d,),
dy. dy

1
s.t. F1=E(3d1—3d2+10)z Ft,

1
F2=H(—3d1+6d2+10)z Ft,

0<d,, d,<5,

065<F'<1,

as a p-LP gives

1 1
Cost! =53—F'—33—,
3 3

. 20
CR ={065<F'<—,
27
Active constraint: F*.

1 2
Cost? =233—F'—166—,
3 3

Active constraint: F2.

The parametric solutions just given, illustrated in the trade-off
curve of cost against target flexibility index in Figure 4, en-
able the cost for a desired flexibility index to be calculated
through a function evaluation. They indicate the exact point
at which there is a changeover from F! being active to F?
being active, namely F'= 20,27 = 0.74. They also show that
the cost is more than four times more sensitive to changes in
the target flexibility index once F? becomes active, and as
such, that there is a high economic penalty for guaranteeing
feasibility over the complete space of uncertain parameters.
For example, a designer may choose to design for a flexibility
index of 0.80 instead of 1, since the cost of the former is less
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Cost
66.67 |- oo .

2.
F" active

20 Ty /
F active i

0.65 0.74 0.80 1
Target Flexibility Index, F'

Figure 4. Cost vs. flexibility index trade-off curve for the
illustrative example.

than one-third of the latter (20 compared to 66%z). Note also
that the solution at F'=1 corresponds to the solution of the
LP

Cost=min «'-d,
d

st x%(d)<0, k=1,...,K_,

X

dt<d<dY,

and that the optimal design for this example, d, =13/3, d, =
7/3, lies at the intersection of y'=0 and x2=0, on the
boundary of the “feasible region” of designs, as can be seen
from Figure 3.

Stochastic Flexibility
Definition

For a system with uncertain parameters described by a joint
probability density function (pdf), j(@), the typical analysis
problem is to evaluate the probability that, for a given design
and structure, a system can be feasibly operated through
appropriate manipulation of the control variables. This prob-
ability is referred to as the stochastic flexibility (SF) (Pistiko-
poulos and Mazzuchi, 1990; Straub and Grossmann, 1990).
Mathematically, this means computing

SF(d,y)=Pr[y(6,d,y)<0], (26)

over all possible realizations of @. The stochastic flexibility
can also be expressed as the integral of the joint pdf over the
feasible region of operation in the space of the uncertain pa-
rameters, that is,

SF(d, y) i(e) de. (27)

‘/;9:¢/(9,d,y)s 0}

February 2000 Vol. 46, No. 2 341



Existing evaluation approaches

Pistikopoulos and Mazzuchi (1990) developed a procedure
for evaluating the stochastic flexibility of linear systems when
the uncertain parameters are all described by normal pdfs.
The first step of their method is to develop linear feasibility
function expressions using the active set identification algo-
rithm of Pistikopoulos and Grossmann (1988). Since these
feasibility functions are linear in the independent, normally
distributed parameters @, they themselves are normally dis-
tributed random variables with easily calculable means and
variance—covariance matrix for a given design. If the vari-
ance—covariance matrix is nonsingular, the stochastic flexibil-
ity of the system can then be computed as a multivariate nor-
mal probability using existing computer codes (such as
GO1HBF (NAG, 1998)); for the case when this matrix is sin-
gular, Pistikopoulos and Mazzuchi (1990) have proposed an
effective bounding procedure, although new methods for
computing singular multivariate normal probabilities have re-
cently been developed (Bansal et al., 2000).

The drawbacks of this approach are that it is again cen-
tered around the a priori identification of active sets and that
it only applies to systems with normally distributed para-
meters. Straub and Grossmann (1990) overcame the latter
limitation using an inequality reduction scheme that succes-
sively projects the functions #*%(@,d), k=1, ..., K, into
lower-dimensional spaces in 6. Lower and upper bounds for
each uncertain parameter are generated and Gaussian
guadrature points are placed within the feasible operating
region. The integral (Eq. 27) is then numerically approxi-
mated. The major difficulty with this method, however, is that
it requires identification of active sets at each projection of
the feasibility functions.

Straub and Grossmann (1993) developed an algorithm for
evaluating the stochastic flexibility in linear or nonlinear sys-
tems with generally distributed uncertain parameters that
does not rely on identification of the active sets. The basic
strategy is to solve an optimization problem in order to com-
pute bounds in the feasible region for one uncertain parame-
ter, place quadrature points for that parameter, and then for
each quadrature point calculate the bounds for the next un-
certain parameter, and so on. Once sufficient quadrature
points have been placed, the joint pdf of the uncertain pa-
rameters can be numerically integrated over the region. A
drawback of this approach is that the number of optimization
subproblems that needs to be solved increases exponentially
with the number of uncertain parameters, n,, and the num-
ber of quadrature points used for each parameter, Q{1+

Q1+ Q,[--(1+Q,,_1)} problems}. Straub and Grossman
(1993) did propose an embedded formulation to avoid this,
but, even for linear process models, this corresponds to the
solution of a very large, nonlinear program (NLP). More effi-
cient integration techniques than Gaussian quadrature also
have been proposed in the context of stochastic design opti-
mization, such as specialized quadratures and cubatures for
normally distributed parameters (Bernardo et al., 1999), and
Monte Carlo methods with efficient sampling techniques (Di-
wekar and Kalagnanam, 1997; Acevedo and Pistikopoulos,
1998). The difficulty in applying these methods to stochastic
flexibility evaluation, however, is that each of the generated
integration points must be checked to see if it actually lies
within the feasible region of uncertain parameters. Besides
the subsequent issue of integration accuracy, this will typi-
cally involve solving the feasibility function problem (Eq. 4)
at each point, and so the computational burden can actually
be greater than that using conventional Gaussian quadrature
(as pointed out by Straub and Grossmann, 1990).

Parametric programming approach

Parametric programming can be used to overcome the
computational difficulties associated with the stochastic flexi-
bility evaluation methods outlined in the previous section. For
example, instead of relying on active set identification, Algo-
rithm 1 can be used to generate the linear feasibility function
expressions required for the analysis of Pistikopoulos and
Mazzuchi (1990). The method of Straub and Grossmann
(1993) can also be adapted within a parametric programming
framework in order to evaluate the stochastic flexibility in
linear systems with continuous uncertainties described by any
type of joint pdf. Furthermore, the use of parametric pro-
gramming allows the method to be extended to give informa-
tion on the dependence of the stochastic flexibility on the
continuous design variables. Such an algorithm is summa-
rized below.

Algorithm 2

Steps 1 and 2. As in Algorithm 1.

Step 3. For i=11to ng:

(a) Compute the upper and lower bounds of 6; in the fea-
sible operating region, §/"* and ™", respectively, as linear
functions of lower-dimensional parameters, 60, ,_1 . i_1)
and d (Acevedo and Pistikopoulos, 1997a), by solving the
mp-LP

max (oimax 1= Qi1 Himin ql'“Qi—l)’

st (080 ), 0 WG g% L, d) <0, k=1,...,K
YO0y 6O G ),d) <0, k=1,...,K
O < 6P -1 gPu i < 9 j=i+1,...,n,,
O < gmin i i-n < gMaxdrdio < gU
O <O %<6y, p=1,..,i-1,
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Here, Hja and ejb reflect the fact that different values of 6;,
j=1i+1, ..., n, must be chosen in order to calculate the
upper and lower bounds on 6;; while q; is the index set for
the quadrature points to be used for the ith parameter. The
solution of Eq. 28 gives N; solutions and corresponding re-
gions of optimality in 6, ,_, ;_; and d.

Note that lower and upper bounds on the uncertain pa-
rameters can be obtained by truncating the probability distri-
butions at points beyond which there is a negligible change in
probability. For example, for a normally distributed parame-
ter with mean u and standard deviation o, bounds of 6L =
w—40 and 0¥ = u+40 can be used.

(b) Express the quadrature points, %% in terms of the
locations of Gauss-Legendre quadrature points in the [—1,1]
interval (Carnahan et al., 1969), v, from

1 .
0 %i(d) = > [ G dre A1 (1 1)  gmin ql~-~q.71(1_,,it1.)] .

g=1..,Q. (29
Step 4.
lr'nax _ 1min Q; gzmax q _ gzmin a1
SF(d)=——2— Y w22
2 — 2
q=1
Qn,
Wr?Hngj(elqll “.len(il-..qns)’ (30)
qn,,:]-

where wi, ¢q;=1, ..., Q;, are the weights of the Gauss-
Legendre quadrature points (Carnahan et al., 1969) for the
ith parameter.

Illustrative example

Consider the problem of evaluating the stochastic flexibil-
ity of the system described by Eq. 13, for uncertain parame-
ters that are independently, normally distributed, according
to 0,, 6, ~ N(2, 1/4).

Steps 1 and 2. These give the feasibility functions (Egs. 15
and 16).

Step 3.
(@)
: 5
gra—4,  gmin—o, CR1'1={d1—2dzs§.
max min 3 3 5 1,2 5
01 =4, 01 =Zd1—§d2—z, CR* = d1—2d225.
) 8 2
070 =4, 07" =~ —0f +20, ~4d, + -,
8 10
— =0 +2d,-4d, < —
CR?'= 3
2
-5 08 +2d—4dy = —

Ot =4, 05""”‘11 =0,
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80q 4d,+4d 8

— 1 — + S_

CRZ’Z_ 3 1 1 2 3
B 8 2
—§0f1+2d1—4d2 < —g.

[l

max q min q 1 q 1 1
0, 1=4, 6, 1=§011—Ed1+5d2—§

8 8
CR23= {501‘*1 —4d,+4d, > 3

(b)
In CRM: 0 =2(1+ vh), Va,.
12 1 3
In CRM2: 0 = = (11+21v#) + £ (1= vi)(d;—2d,), Va,.
2,1. paiq 1 q 9 4 q
In CR?1: 0% = —(7+5v) — (L- vf) | 5 0f — dy+2d, |,
Vo, V.

In CR?2: %% =2(1+ v{2), Vaq,, Vd,.

1
In CR?3: 9§19 = E(11+13y§h)
1
+E(1—V§2)(20f1—3d1+3d2), Vq,, Vd,.

Step 4. The stochastic flexibility for a given set of design
variables and quadrature points can be calculated by substi-
tuting the relevant values in the expressions obtained in Steps
3(a) and 3(b) and then substituting these values in Eq. 30.
Note that the bivariate pdf defined by 6, and 6, is given by
(Lapin, 1990):

j(08, p3:%) = % -exp( —2[ (68 —2)"+ (682 =2)°] }.

Table 1 shows the stochastic flexibility results for the three
different designs.

Table 1. Stochastic Flexibility of Illustrative Example:
Parametric vs. Sequential Approach

No. of Subproblems CPU (s)
Algorithm Algorithm

d Q,=Q, SF 2 Sequential 2 Sequential

@, 127 8 0.6691 1 9 LPs 1 0.1

12 0.6806 3 mp-LPs 13 LPs 0.2 0.2

16  0.6801 17 LPs 0.2

32 0.6801 l 33 LPs l 0.4

5,147 8 09393 1 9 LPs 1 0.1

12 0.9440 No 13 LPs neg. 0.2

16 0.9442 extra 17 LPs 0.2

32 0.9442 l 33 LPs l 0.4

(32,04" 8 08981 1 9LPs 1 0.1

12 0.9050 No 13 LPs neg. 0.2

16 0.9050 extra 17 LPs 0.2

32 0.9050 l 33 LPs l 0.4

Total 3 mp-LPs 216 LPs 0.2 2.7
Vol. 46, No. 2 343



Remarks on Algorithm 2

1. Algorithm 2 clearly demonstrates the power of a para-
metric programming approach to flexibility analysis in terms
of the solution information it gives. The algorithm provides
the explicit dependence of the uncertain parameter bounds
(and hence, ultimately, the stochastic flexibility) on the values
of d and the parameters of the quadrature method being
used. This means that by applying the algorithm just once, a
designer can then calculate the stochastic flexibility of any
design, for any given number of quadrature points, by simply
performing a sequence of function evaluations. This feature
makes the application of Algorithm 2 particularly amenable
as a tool for comparing design alternatives on the basis of
their stochastic flexibility. For the illustrative example just
presented, Table 1 demonstrates this, where it can be seen
that no further optimization subproblems need to be solved
in order to obtain the stochastic flexibilities of the second
and third designs. In this case, the second design, d = (5, 1.4)",
has the highest flexibility of the three designs considered.

2. The parametric programming approach leads to a re-
duction in the size of the individual optimization subprob-
lems. This is achieved through the use of the feasibility func-
tions rather than the complete system equations and inequal-
ities, as, for example, in the “sequential’” approaches of Straub
and Grossmann (1993) and Pistikopoulos and lerapetritou
(1995). In Algorithm 2, the number of constraints in Step 3(a),
excluding the parameter bounds, is 2 K. Using the complete
model of the system leads to 2 (dim{h}+dim{g}) constraints.
The former number is, in general, considerably smaller, since
there are usually far fewer sets of active constraints than
equations and inequalities in the process model. Further-
more, the number of optimization search variables is reduced
in Algorithm 2 since the states x and controls z are elimi-
nated. All this comes at the expense of the solution of only
one mp-LP in Steps 1 and 2. For the illustrative example just
given, the use of Algorithm 2 essentially halves the size of the
problems in Step 3(a) compared to using the full set of sys-
tem equations. For example, there are only 4 constraints in-
stead of 8, while for i =2, the number of search variables is
reduced from 4 to 2.

3. Algorithm 2 leads to a significant reduction in the num-
ber of optimization subproblems that need to be solved and
hence in the computation time compared to a sequential ap-
proach. As stated earlier, the latter requires the solution of
1+ Q{1+ Qyl-+-(1+ Q,,_ I} LPs. Algorithm 2, on the other
hand, only requires the solution of (1+ n,) mp-LPs. The ben-
efit of this can be seen in Table 1 for the illustrative example.
In order to generate the stochastic flexibilities shown re-
quires the solution of a total of 216 LPs using the sequential
approach compared to just three mp-LPs with Algorithm 2.
This translates to a total of 2.7 s CPU on a Sun ULTRA 1
work station for the former approach using GAMS/CPLEX
(Brooke et al., 1992), compared to 0.2 s for the latter ap-
proach using the prototype Fortran code of Acevedo and Pis-
tikopoulos (1997b). Thus, even for such a tiny problem, a more
than tenfold computational saving is achieved. This saving will
increase as the number of uncertain parameters increases, as
will be demonstrated with the process examples later in this
article.
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Note that the computational effort associated with both the
sequential and parametric programming approaches can be
diminished through parallelization. For the former, this is
achieved by solving the first LP, then solving the next Q, LPs
in parallel, then the next Q,-Q, LPs in parallel, and so on.
For the latter, the benefit is even greater, since all of the
mp-LPs in Step 3(a) can be solved in parallel.

(4) For systems that are nonlinear in d, such as Eq. 24, the
design is fixed before Step 2, and Algorithm 2 then proceeds
in a similar fashion.

(5) In principle, the information from Algorithm 2 can be
used to formulate a design optimization problem for target
stochastic flexibility

Cost = min xT-d,
d

st. SF¥(d)=>SF', VK,
d-<d<d", (31)

where SF' is the target stochastic flexibility. However, since
SFK(d), Yk, are, in general, nonlinear and nonconvex, Eq. 31
corresponds to a nonconvex, single-parameter, nonlinear pro-
gram (p-NLP). Global optimization methods for the solution
of such problems are currently under development (Dua et
al., 1999b).

Expected Stochastic Flexibility
Definition

If the discrete probability for the availability of each piece
of equipment in a process with stochastic parameters is given,
then the appropriate analysis problem is to determine the
expected probability of feasible operation. This is known as
the combined flexibility-availability index (Pistikopoulos et al.,
1990), or expected stochastic flexibility (ESF) (Straub and
Grossmann, 1990). Mathematically, it is defined as

284

ESF(d)= ) SF(d,y*)-P(y®), (32)

s=S;

where s is the index set for the system states; P(y®) is the
(discrete) probability that the system is in state s; and eq is
the number of pieces of equipment in the system. Each state
of the system is defined by different combinations of avail-
able and unavailable equipment. Thus, if y? is a binary vari-
able that takes a value of 1 if equipment i is available, and is
zero otherwise; and p; is the probability that equipment i is
available, then

P(yd= I1 n l_I}(l—pi)- (33)

ilyf=1  {ily}=o0

Existing evaluation approaches

The obvious way to evaluate the expected stochastic flexi-
bility for a particular set of continuous design variables is to
calculate the stochastic flexibility for each state s using the
method of Pistikopoulos and Mazzuchi (1990), Straub and
Grossmann (1990), or Straub and Grossmann (1993), and then
apply Egs. 32 and 33. A drawback with this approach is the

AIChE Journal



Figure 5. Process example 1: chemical complex.

potentially large number of system states, 2°9, and hence
summation terms in Eq. 32. For such cases, Straub and
Grossmann (1990) have proposed an effective bounding
scheme that requires the examination of much fewer states.

Parametric programming approach

By using Algorithm 2, the evaluation of the expected
stochastic flexibility for any given design can be reduced to a
series of function evaluations, thus enabling the very efficient
comparison of design alternatives. This approach is illus-
trated in the first process example below.

Process Example 1: Chemical Complex

Figure 5, adapted from Straub and Grossmann (1990),
shows a system where a species A is converted to a species C
via two different process routes. In the first, plant 1 is used to
convert A to an intermediate B, with a conversion factor ¢, =
0.92, and then plant 2 converts B to C with a conversion fac-
tor &, =0.85. In the second process, plant 3 converts A di-
rectly into C with a conversion factor ;= 0.75. The linear-
process model, comprising molar balances and specifications,
is shown in Table 2. Note that F refers to molar flow rate; d;
is the processing capacity of plant i; and vy; is a binary vari-
able that takes a value of 1 when plant i is available and a
value of zero when it is unavailable. It is assumed that the
supply of raw material, S, is uncertain, with a nominal value
of 12 and range 8 < S <16; as is the product demand, D,
which has a nominal value of 7 and range 3< D <11. The
process model thus consists of five state variables, x =[F;,
F,, Fs, Fs, F,1"; two control variables, z=[F,, F,]"; two un-
certain parameters, 8 =[S, D]"; and three design variables,
d=[d,, d,, d;]". The ranges of interest for the latter are
3<d;<7,7<d, <9, and 7<d;<09.

Table 2. Model for Process Example 1

Equalities Inequalities
F,=F,+F, g,=F—-S<0
F, =0.92F, g,=F,—dy-y; <0
Fs = 0.85F, g3=F; —dyy, <0
Fs = 0.75F, 9s=Fs—d3-y;<0
F,=F+Fg gs=D-F; <0

AIChE Journal

Flexibility test and index

Consider the case when all three plants are available, de-
noted as system state S1 (that is, yS!=[1, 1, 1]7). Algorithm
1 gives two feasibility function expressions (as opposed to the
four given by the method of Pistikopoulos and Grossmann,
1988), one expression for the flexibility test measure, valid
over the whole range of d, and two flexibility index expres-
sions

¥1(0,d, yS") = —0.4216, +0.5616, —0.018d|,
CR'={1.4216, -0.5616, —0.982d, — d, <0,
Active constraints: g,, g, and gs.
¥2(0,d, ySt) = 0.3956, —0.309d; —0.296d,,
CR2={1.4216, —0.5616, —0.982d, — d; > 0,

Active constraints g,, g, and gs.
x(d,ySt) =y¢r(0%1, d, ySt) = 2.806—0.018d,.

F'(d,y") =0.046d, +0.286, if {1.018d, + d;>10.857.

F?(d, y%") =0.196d, +0.188d; —1.750,
if {1.018d, + d; <10.857.

Notice how the two feasibility functions are independent of
the capacity of plant 2, d,. Also, the flexibility test measure is
only dependent on the capacity of plant 1, d;. The smallest
value of x(d, yS!) occurs for d; =7, which gives x(y%!)=
2.680. Thus, for the given processing capacity ranges, the
chemical complex cannot be operated feasibly over the whole
ranges of supply and demand, even if all three processing
plants are available.

The parametric flexibility index solutions are illustrated
graphically in d,d;-space in Figure 6. The maximum value of
the flexibility index occurs for d, =7, which gives F =0.318.
This means that the maximum supply and demand ranges that
can be simultaneously tolerated are 10.73 <S <13.27 and
5.73 < D < 8.27, respectively.

Design optimization for target flexibility index

Consider an economic objective function, Cost=10d, +
3d, +10d;. Solving the p-LP (Eg. 25) over the range of possi-
ble target flexibility indices given by F* and F2,0.149 < F' <
0.318, leads to

Cost*=51.15F'+113.38, if {0.149 < F'<0.303.

Cost? =2,187.50F'—534, if {0.303< F'<0.318.

The trade-off curve of cost against target flexibility index is
shown in Figure 7. It can be seen that the slope of the curve
is forty times steeper than when F! is active compared to
when F?2 is active. The result of this is that a target flexibility
index, F'=0.303, which is 95% of the maximum possible in-
dex, F'=0.318, has an associated cost that is only 80% of the
latter (128.9 units vs. 161 units).

February 2000 Vol. 46, No. 2 345



9
F= 0.046d, + 0.286
d3
7.80
F=0.1964d;+ 0.188 d;- 1.750
7
3 3.78 7

&4

Figure 6. Parametric flexibility index solutions for pro-
cess example 1.

Expected stochastic flexibility

Let the probability of operation of plants 1, 2, and 3 be
p,=0.95, p,=0.92, and p;= 0.87, respectively. Since there
are three plants, there are 2% =8 different system states,
which are listed in Table 3 along with their respective proba-
bilities of occurrence (calculated using Eq. 33). In order to
evaluate the expected stochastic flexibility from Eq. 32, the
stochastic flexibility of each state must be calculated. It is
clear that states S5, S6, and S8 all have associated stochastic
flexibilities of zero, since there is no way of producing species
C in these cases. It is also clear that the stochastic flexibilities
of states S3 and S4 will be identical to that of state S7, since
if either plant 1 or plant 2 is unavailable, the only way to

T,
F active

2 .
F~ active

1280 b !

121

0.149 0.303 0.318
Target Flexibility Index, F*

Figure 7. Cost vs. flexibility index trade-off curve for

process example 1.
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Table 3. System States and Associated Probabilities
for Process Example 1

State, P
s yi y3 v3 (y®
S1 1 1 1 0.760
S2 1 1 0 0.114
S3 1 0 1 0.066
sS4 0 1 1 0.040
S5 1 0 0 0.010
S6 0 1 0 0.006
S7 0 0 1 0.003
S8 0 0 0 0.001

produce species C is by directing all the inlet flow to plant 3.
Thus, for this example, the expected stochastic flexibility (ESF)
can be expressed as

ESF(d)=0.760SF(d, y5') +0.114SF(d, y5?)
+0.110SF(d, y37). (34)

Consider the case where (1) the supply is log-normally dis-
tributed with parameters m=1, ¢ = 0.6 (Hastings and Pea-
cock, 1975); and (2) the demand is normally distributed ac-
cording to D ~ N(7,1). The joint pdf is then given by

j(68, 03:92) = exp{—1.39[ln(0{‘1—8)]2

127 (6% —8)
_E(GQ1q2_7)2} (35)
2277 '

Applying Algorithm 2 for each of the three states, S1, S2,
and S7, requires the solution of three mp-LPs, with a total
CPU time of 0.42 s in each case. The following expressions
are obtained:

e For state SI:

07" =16, 6" =8.
09 = 0.782d, +0.750d,, O =3, if {d,+d;< 6.
0@ 9 = 0.7500% +0.032d,, 6% =3, if {d;+d;> 0.

e For state S2, if 3.836 < d, < 7 (otherwise, SF = 0):

o> =16, 6" =8.
0% =0.782d,, 6% =3,
e For state S7:
0" =16, 6" =8.
02maxq1=0750dsy 9£T1inc|1=3Y |f {dSS Ofl
oras = 0.7500%, TN =3, if {d, > 0%,

The preceding expressions obtained using the parametric
programming approach, together with Egs. 29, 30, 34, and 35,
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H1, 1.5 kWK H2, 1 kW/K
N N
T (T} = 620 K) Ts (T3 =583 K)
T T 2 563K
(T =388 K)
TG
300K
C2, 3KW/K
T 393K
Q. (T =313K)
350K T,<323K

Figure 8. Process example 2: HEN with 2 hot, 2 cold
streams.

give information on the dependence of the expected stochas-
tic flexibility of the system on the continuous design variables
that could not have been obtained using earlier evaluation
approaches. For instance, in this example, the analysis indi-
cates that if the capacity of plant 1 is less than 3.836, then
state S2 is incapable of meeting the constraints and does not
contribute to the expected probability of feasible operation
of the system. Furthermore, the calculation of the expected
stochastic flexibility for different values of the design vari-
ables (and different numbers of quadrature points) is re-
duced to sequences of function evaluations, thus facilitating a
computationally efficient comparison of design alternatives.
For example, using 10 quadrature points for both uncertain
parameters, plant capacities d'=[5,7,9]" give SF(y%!)=
0.510, SF(y$2)=0.001, SF(y®)=0.353, and ESF = 0.427.
Alternatively, plant capacities d?=[7,7,7]" give SF(yS!)=
0.533, SF(y52)=0.064, SF(y3")=0.041, and ESF =0.417.
Hence, although d? is more attractive in state S1, that is,
when all the plants are operational, d* has a marginally higher
probability of feasible operation when all the possible system
states are considered.

Process Example 2: HEN with 2 Hot, 2 Cold
Streams

Consider the heat-exchanger network (HEN) structure
shown in Figure 8, which is taken from Grossmann and
Floudas (1987), and was subsequently studied by Pistikopou-
los and Mazzuchi (1990), Straub and Grossmann (1990), and
Varvarezos et al. (1995). The process model comprises energy
balances around each exchanger and temperature feasibility
constraints, as shown in Table 4 for a minimum temperature
approach, AT, =0 K. This system has four state variables,
x=[T,, T,, Ts, T;I7; one control variable, z = Q,; four uncer-
tain parameters, 6 =[T,, T,, Ts, Tgl"; and no design vari-
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Table 4. Model for Process Example 2

Equalities Inequalities
LT, = T)=2T, - T;) 9, =T~ T,<0
(Tg —Tg)=2(563—-T,) 9,=T,—Tg<0
(Te —T;)=3(393—-Tg) gs=Tg—T,<0

Q. = 1.5(T, —350) 9, =393—T, <0

gs=T,—323<0

ables. The expected deviations in the uncertain parameters
are all +10 K.

Flexibility test and index

The application of Algorithm 1 gives four feasibility func-
tion expressions, contrasting with the six (two redundant) us-
ing the method of Pistikopoulos and Grossmann (1988)

2 4
0= 5t +922,

~
S0

3
Y0)=—=0,—
Y(0)=—c 0~
bt 20y 20,4 g, < 2,167
—0,+=0,+—0,+—0,<2,
CR! = 51 5% 53 5"

1 3 7
0, — — 05+ — 0, <487—,

3
R + R
0 10 10 5 2

10
Active constraints: g, and g,,

14

4
1oy =8—, &'=—.
yr(0%") =8 o

2(0 19 161l
UA(0) =50, ~ 161,

6 2 4 13
§01+g02+§93+?9422,167

2 _
e 19 39 541
— RN > —
2°° 4774

Active constraints: g, and ¢,

$?(0°%)=0, 8°=1.

) 39 10 49 6433
=—=0,—=0,—=0;+643=,
ll’( ) 7 1 7 2 7 3 7

3 1 3 7 1
— 0+ —60,——0;+—0,>487—
CRS — 10 10 10 5 2
9 3 5 2
701+?(92+7t93+3t9452,3067,
Active constraints: g, and g,,
¢3(00,3)=i 3323
7’ 20°
4 1 1
10 36 54l
_ ——0, < -
cri ) 2 3 477
)9 3 5 2
701-1—702—1—793-1—39422,30671
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Active constraints: g, and gs,
¢/4(0C'4):63 84:E
3’ 2

Thus, the flexibility test measure, y = 8%, indicating that
the network cannot be operated feasibly over the whole range
of uncertain parameters. This is confirmed by the flexibility
index, F=1/2, which shows that the network can tolerate
simultaneous variations in the inlet temperatures of the
process streams of up to +5 K.

Stochastic flexibility

Consider the case where T, and T; are normally dis-
tributed, while T and T4 are uniformly distributed, accord-
ing to T, ~ N (620, 6.25), T, ~ N (388, 6.25), T, ~ U [573, 593],
and Tg~U [303, 323], respectively. Applying Algorithm 2
gives the following expressions

6" =630, 6" =610.

% — 398,
a4 % — 593,

gnind: = 378,

Oénin%%:_3051_£0%‘12+1126’
4 4
(3 1
if { 70+ 651% <553,
_ (3 1
minaiz — 573, 'f{Zafl“LZ(’glquSS?"
1 1
04max 910203 = — 05‘31 Q203 4125 — .,
3 3
If 39q 19qq quqq 8491
— 9% + — 9N 4 — 9929 < —
47t 4" 27 T2
3 1
and  —Oft +—01% 4 fJ192% > 1,126:
4 4
04"“” Q; 0203 —

30q 19qq loqqq 1152l
—_— 1 — — 142 — — 123-‘,—’ —_
4t 472 23 2

3 1 1 1
If{ —0ft+—051% + — %% > 849 —:
4 4 2 2
94min 019203 = 303,
3 1 1
If { Q%+ = St + ~ g% % <1 126:
4 4 2
6" %92 % = N/A (infeasible problem).

Using the preceding expressions, together with Egs. 29, 30,
and the joint pdf, given by

j(gih, ggﬂlzl 9??1% QS’ 94%%%‘44)

_ exp{ —0.08[ (65 —620)° + (03 —388)2]}
5,000 ! 2 ’

the stochastic flexibility of the system can be calculated for
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Table 5. Stochastic Flexibility of Process Example 2:
Parametric vs. Sequential Approach

No. of Subproblems CPU (s)
Q; Algorithm Algorithm
i=1,2,34 SF 2 Sequential 2 Sequential
8 0.8209 4 mp-LPs 585 LPs T 7.1
12 0.8230 and 1885 LPs 0.9 24.2
16 0.8230 1LP 4369 LPs l 53.0
Total 4 mp-LPs+1 LP 6839 LPs 0.9 84.3

different numbers of quadrature points through a simple se-
quence of function evaluations. The results are shown in
Table 5, which indicates that, although the heat-exchanger
network can only tolerate +5 K deviations in the uncertain
inlet temperatures, there is actually an 82.3% probability that
it can be operated feasibly through proper manipulation of
the cooling duty. Table 5 also compares the number of sub-
problems that have to be solved using Algorithm 2, and the
associated computation times, with those required by the se-
quential approach of Straub and Grossmann (1993) and Pis-
tikopoulos and lerapetritou (1995). It can be seen that the
computational savings given by the parametric programming
approach are very large. In order to generate the three
stochastic flexibility values in Table 5 using Algorithm 2 re-
quires the solution of a total of four mp-LPs and one LP,
with a total CPU time of 0.9 s. This contrasts sharply with the
sequential approach, where a total of 6,839 LPs must be
solved, taking 84.3 s CPU.

Process Example 3: HEN with 4 Hot, 3 Cold
Streams

Figure 9 shows another HEN structure taken from Gross-
mann and Floudas (1987), and also studied by Pistikopoulos
and Mazzuchi (1990). This system has seven uncertain pa-

HI, 4 kWK H2, 2 KW/K
o) = 400K /t;“ 450K
C1,5 kWK
(i >

“
1 380K

oY =310k \/ T

/@ 410K

C2,6 kw,KfD G) %\/

6} =290 K\\/
325K o) =430K
H3, 2 kWK H4, 2.5 kW/K
o) = 400K
€3, 2WK A
6 7 340K
o) =285 K\/
298K 360K

Figure 9. Process example 3: HEN with 4 hot, 3 cold
streams.
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Table 6. Reduced Inequality Set for Process Example 3

5 1 1 1
fi=—2+—0,+0;,+—6,-682= <0
1273 3 2
f > 10 10 19 50 0 10 3571 0
=—7——=0,——=0,+=0;——0;+ 0, + =0, —357= <
2= Rt TN T g TR T s Tl TRl 2°

f ! 26 10 19 59 0 10 10071 0
=——Z2+—0,+—0,+—0;+—0;+0+—0,— —-<
3 12° 31 372 33 5 B3 T
5 1 1 1
fy=——2-—=0;——=0;+357= <0
12° 3 3 2
fs=2z-6,<0

f 40 0, 49 858 <0
=—0,+05+—0,—-858 <
6 5 3 6 5 7

f,=0,+ 6, —700 <0

rameters (with nominal values as shown, and expected devia-
tions of +10 K), and one control variable, z, which is the
temperature of the hot stream flowing from exchanger 5 to
exchanger 3. The full model of the system consists of eight
energy balances and a number of inequalities describing fea-
sible heat exchange (AT,;, =0 K). In this case, it is advan-
tageous to eliminate the state variables according to Eq. 23
because this reduces the model to the seven nonredundant
constraints shown in Table 6 (c.f. nineteen reported by
Grossmann and Floudas, 1987).

Flexibility test and index

Algorithm 1 gives four feasibility function expressions:

(o 50 59 10 250 0 19 81711
=—0;+—<0,+ -0+ —=0;+0,+—-0,—817T—,
w()18136233725637 12
59 5(9 70 250 7(9 401
——0,——0,+—0,— — 0.+ —0, < 40—
18t 36 2 15 % 72° 157 12
CR?! 0 60 20 250 0 29 11711
={ —0,+—=0,— =03+ =05+ 60— =0, =2117—
181736 2 33 72°% 7% 37T 12
5 1 25 1 1 5
— 0+ =0, + =03+ — 05+ — 05 + — 0, > 655—.
18 36 3 72 2 3 12
Active constraints: f, and f;,
1 9ot 535 51 132
Yo%) = 36’ S 175
4 4
#2(0)==05+ 65+ — 6, —858,
5 5
50 50 70 250 7(9 401
——0,——=0,+—0;— =6+ —=0,>40—
181 36 2 15 ° 72°° 157 12
, 1 1
CR = _303+96_§972158

4 1 4 1
— 0+ =0+ —0, > 695~ .
5% 27°" 5 2

Active contraints: fg,

l1[1_2(0&2):6 82=E
' 13°

#3(0)=0,+ 0, —700,
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5 5 2(9 25(9 0 2(9 11711
— 03+ - 05+ 05— - 0, <117 —
3 5 6 3 7 12

+—0,—
181 36 2 3 72

3 1 1
CRP={ — 05+ 05 — £ 0, <158
1 1
63_596+9725375’
Active constraints: f,,
3
1113(0(:'3):5, 63=—.
4
4o 10 1611
¥*( )_E s 5
50 56 1(9 256 10 10 6555
— 0, +—0,+—=0,+—60:+—0,+—0,< —
181 36 2 3% 725 2°° 37 12
4 4 1 4 1
CR*={ —0;+ =6+ =6, <695~
5 2 5 2

1 1
63— 0+ 07 <537,

Active constraints: f, and f,,

y(0°) = —12: 8= 33
2 2

These lead to y =6 and F = 3/4, indicating that the network
can only tolerate simultaneous variations in the inlet temper-
atures of up to +7.5 K.

Stochastic flexibility

Consider the case where 65, 6, and 6, are uniformly dis-
tributed between their lower and upper bounds, while the
other inlet temperatures are described by beta distributions
between their bounds with pdf parameters a= b =1.2 (Ross,
1988). Applying Algorithm 2 gives

61" = 410,

03 % = 460,
619 = 410,
6019 % = 320,
B 01 42 8295 — 300,

ggnin 0192930596 = 275

6.min = 390,
gnina — 378,
fnin a9 = 390,
fenin 19 % = 300.

96min 4192039 = 280,

0;“@( 01920930596 — 295,

0%:% % < 405

4
— Q%9293 4 919209395 % < 522
5 3 6 =

CR"1= 5 1 25
Eefl + £g§1‘-12 + _0:;41‘12 G 4 iesql(h%%
+ 06(11512 395 %6 < 7191
12
5 1
07ma>< 0142939596 — géhCIz U3 _ Z gefh% Q30596 1’0725 ,
Vol. 46, No. 2 349



ig%%% + 9919293959 > §22
5 3 6 =

96% 42939 9 > 298

CR"2={ 5 5 25 7
_9f1 + _0511*12 + _05%‘12 G305 4 _06(11512 93 95 ds
18 36 12
5
<460—.
12
0;“50( 9192030506 — — 03?1 dz2 43 +700,
0391‘12 % > 405
Oéh 92059596 < 2908
5 5 25
CR7'3= _0{11_}__9?1‘12+_9§1q2q3%+0691‘12%%q6
18 36 72
7
<584—.
12
@Mmaxq192d30ds 6 — — Eg‘h — i@thz — 0919203
7 6 1 12 2 3
25 3
_ _gsfh% 93 0s _396%(12 9305 e +2,453—,
24 4
5 5 1 25
_9f1 + _gglqz + _géhfh O3 4 _9511(42 9305
18 36 3 72
+ géhqz G305 06 > 719%
5 5 25 7
CR7~4= _gfl+_ogl%+_6;|1QZQ3C|5+_0(§|11'12%‘15%
18 36 72 12
5
> 460 —
12
5 25 sg4 7
—0,+— + — 0+ > —.
18713502 T 7 st =08,

Notice how the use of the parametric feasibility function ex-
pressions, which are independent of 6,, allows us to elimi-
nate this parameter from consideration (and so reduce the
dimensionality of the subproblems) in the evaluation of the
stochastic flexibility. Using the preceding expressions, to-
gether with Egs. 29, 30, and the joint pdf, given by

i= (5.006=8) ()" (1= 0f) " (wg%)"

X (1_ wéh q2)0.2( wsql 9243 qs)o'z(l_ w5ql 9293 %)027

where w{* =0.05 (8{ —390), w39 =0.05 ({19 —440), and
wdt%2 %% = 0,05 (99 %% —300), leads to the stochastic flex-
ibility values shown in Table 7. It can be seen that the proba-
bility of feasible operation of the network is 96.8%. The table
also compares the number of optimization subproblems and
associated computation times with those required by a se-
guential approach. In order to generate the four values in
Table 7 using the latter approach may be impractical, since it
does require the solution of almost 89 million LPs, with a
projected total CPU time of approximately 350 h. The para-
metric programming approach, on the other hand, only re-
quires the solution of six mp-LPs and one LP, with a total
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Table 7. Stochastic Flexibility of Process Example 3:
Parametric vs. Sequential Approach

No. of Subproblems CPU (s)
Q; Algorithm Algorithm
i=1,...,7 SF 2 Sequential 2 Sequential

8 0.9732 1 3.00e5 LPs 1 =4,0e3
12 0.9689 6 mp-LPs  3.26e6 LPs 2.3 =44e4
16 0.9684 +1LP 1.79e7 LPs =25e5
20 0.9682 ! 6.74e7 LPs l =9.6e5
Total 6 mp-LPs+1 LP 8.88e7 LPs 2.3 =1.3e6

CPU time of just 2.3s. This clearly demonstrates the enor-
mous computational savings that can be obtained by using a
parametric programming approach, especially when the sys-
tem has a large number of uncertain parameters.

Concluding Remarks

This article has presented a new theory and novel algo-
rithms that use multiparametric programming techniques for
the solution of flexibility analysis problems in linear process
systems. For systems with deterministic uncertain parame-
ters, an algorithm has been presented for the flexibility test
problem and for flexibility-index evaluation. This algorithm
identifies all the critical directions and values of the uncer-
tain parameters that limit flexibility. It also provides explicit
expressions for the flexibility test measure and the flexibility
index of the system as linear functions of the continuous
design variables. This feature reduces the flexibility test and
index problems to simple function evaluations for a given de-
sign and enables a designer to know a priori which designs
have the desired level of flexibility. It also enables the com-
pact formulation of design optimization problems, which can
be solved using parametric programming to readily obtain the
exact algebraic form of the trade-off curve of cost against
target flexibility index for a system.

For systems with stochastic parameters of any kind of
probability distribution, an algorithm has been presented for
stochastic flexibility and expected stochastic flexibility evalua-
tion. This algorithm reduces the evaluation of these metrics
for a given design and a given number of integration points
to a series of function evaluations. This makes the algorithm
particularly useful for the efficient comparison of design al-
ternatives. The computational efficiency of the algorithm and
enormous reduction in the number of subproblems that need
to be solved, compared to earlier methods, has been clearly
demonstrated through the illustrative and the process exam-
ples (Tables 1, 5, and 7). It is evident that the benefits of-
fered by the parametric programming approach increase
markedly as the number of uncertain parameters increases.

It is envisaged that the work presented in this article
can also serve as a foundation for the development of new
approaches for the flexibility analysis of nonlinear process
systems that utilize recently developed algorithms for the so-
lution of single-parameter and multiparametric, (mixed-
integer) nonlinear programs (Pertsinidis et al., 1998; Acevedo
and Pistikopoulos, 1996; Papalexandri and Dimkou, 1998;
Dua and Pistikopoulos, 1999a). This will be the subject of a
future article.
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Appendix A: An Algorithm for mp-LP Problems

An algorithm for the solution of nondegenerate mp-LPs is
given by Gal and Nedoma (1972), and is fully described in
chap. 4 of Gal (1995), and summarized by Acevedo and Pis-
tikopoulos (1997b). Here, the fundamental steps of the algo-
rithm are outlined and then illustrated with a mathematical
example.

Phase 1: Finding an initial optimal basis

1. Solve the LP (Eq. 7) with ©® as a variable in order to
obtain a feasible point (w,, ®,). If no feasible point is found,
then the algorithm is terminated.

2. Fix @ = O, and solve Eq. 7 as an LP using the Simplex
algorithm. As part of the Simplex algorithm, slack variables
are added to the inequalities. This converts the system into
the following form:

p(O)=min(c"-T+u"),

(AD)
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where the vector W now incorporates the original vector w
and slack variables, and the constraints are usually rear-
ranged such that b is a vector of positive constants. The Sim-
plex tableau will give the optimal basis B, associated with the
solution. For the region in @-space that this basis is optimal,

#(®)=B;'(b+F:09), (A2)

and hence the associated objective function is (@)= cT-
W(®)+ u".

The region in which the basis is optimal, CR?, is uniquely
defined by the conditions #(®) > 0 and 0 < by + F,- @, that
is, from

- B/ F-®<B;'D, (A3)

and

~F,-@ <b,. (A4)

Note that some of the constraints in Eqgs. A3 and A4 may be
redundant. These can be identified by adding a positive slack
variable to each constraint and then minimizing the value of
each slack variable subject to the constraints in Eqgs. 38 and
39. If the minimum value of a slack variable is positive, then
the associated constraint is strongly redundant and can be
dropped from the definition of CRY. Conversely, if the mini-
mum value is zero, then the associated constraint is either
binding or weakly redundant and is kept in the definition.

Note also that in the parametric programming literature,
the region of optimality of a basis is commonly referred to as
the “critical region” of optimality. This term is not used in
this work in order to avoid confusion with the “critical” un-
certain parameter values in flexibility analysis.

Phase 2: Finding all other optimal bases

CR! is a closed, convex, polyhedral set, and each of the
constraints in Eqgs. A3 and A4 defines a “face” of this region.
Another optimal basis is said to be a neighbor of B, along its
ith face, if and only if the associated ith constraint from Egs.
A3 and A4 is nonredundant and it is possible to pass from
B, to this other basis by one dual (pivot) step (and vice versa).
For the latter condition to be possible, the corresponding ith
row of the matrix B;'+A, which appears in the Simplex
tableau from Phase 1, Step 2, must have at least one negative
element. Phase 2 thus consists of identifying which nonre-
dundant rows of B;'-A have negative elements; pivoting;
finding the next optimal basis, its associated objective func-
tion, region of optimality, and neighbors; and then repeating
until the whole ®@-space, for which finite optimal solutions to
Eq. 7 exist, has been covered.

Ilustrative example

Consider the system described by the set of constraints (Eq.
13).

Phase 1. 1. Solving the feasibility function problem (Eq.
18) gives an initial solution @, =[4, 4, 5, 3", where ® =[6,,
6,, dy, d,I".
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2. With the addition of slack variables to each of the in-
equality constraints, s, =1, 2, 3, Eq. 14 can be written in
the form of Eq. A1 where

W=[% 2,0 s, s, s3]T,

-2 3 0 0 0 0
1
-1 = 1 -1 0 0
A 2
2 =2 1 0 -1 o}
1 > 1 0 0 1
- 2 -
i ) T
b= 50,25,505,26 ,
¢'=[0,0,1,0,0,0],
[ 1 0 0 -1
1 1 7
—_ . 1 -
2 2 2
- 4
F -—— -1 0 2
3
1 1
- 1 1 -
L 2 2_

Solving this at ®, using the Simplex algorithm shows that the
optimal basic variables are {X, Z, U, s3}, thus indicating that
s, =S, =0, and so inequalities g, and g, are active. The op-
timal basis B, is formed from the first, second, third, and
sixth columns of A. From Eq. A2, the following expressions

are then obtained

S - - 9
SOZ 0 3
501 1 3
wt 14 3 0, + 4 0
_501 2 |1 1|72
6 3 4
3
1 -2 -
- = - = - 2_
S Fo
4 2
1
- = 2
2
+ 1 [t d,
> -1
2 -3

The objective function ¢ is simply given by the third row of
the vector W' plus u-= —50, while the region of optimality
for B, is defined by W' > 0 and the lower and upper bounds
on 6,, 6,, d;, and d,. After removal of the redundant con-
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straints, the following solution is obtained

L 2 1 1 1
v (0,d)=—§01——02+—d1—d2+g, (A5)

4 2

3
20,— 0, ~2d, +3d, <1
1_
CR = 0<6,,0,<4
0<d;<5.

Phase 2. Since the only nonredundant constraint describ-
ing CR! comes from the fourth row of @, only the fourth
row of the matrix B; 'A (corresponding to the basic variable
s3) needs to be examined for negative elements. This row
contains a negative element (equal to —1) in its fourth col-
umn, indicating that s; is replaced by s, in the neighboring
optimal basic solution. Repeating the calculations from Phase
1, Step 2, for the new set of optimal basic variables, gives the
following solution

) 1 1 1 1
W (0,d)=§01—02—5d1+5d2—§, (AG)

3
20,6, ~20; +3d;, 21

2=
CR 0<6,,6,<4

0<d;, d,<5.

It can be seen that the regions CR* and CR? cover the whole
of ®-space. It can also be confirmed that the only neighbor-
ing optimal basis to the new basis B, is the basis B, investi-
gated in Phase 1. Hence the algorithm is terminated. Note
that the solution of this problem, as implemented in the pro-
totype Fortran code of Acevedo and Pistikopoulos (1997b),
takes only 0.08s CPU on a Sun ULTRA 1 workstation.

Appendix B: A Procedure for Comparing
Parametric Solutions

For the flexibility test and index problems in this article,
the procedure of Acevedo and Pistikopoulos (1997b) can be
adapted for comparing the resulting parametric solutions.

Flexibility test

Step 4(a) of Algorithm 1 gives K linear expressions *(d),
k=1, ..., K. In order to find the set of linear solutions x*(d),
k=1, ..., Ky where K, <K:

1. Set (d) as the “upper bound” for all d € D, where
D={dld"<d<d"}.

2. Compare 1(d) with 2(d) by defining a constraint 2
(d)— ¢X(d)>0 and performing a redundancy test (as de-
scribed in Appendix A) in d-space. There are three possibili-
ties:

(@ ¢2(d)= ¢*(d), Vd € D: 3(d) becomes the upper
bound in the whole space.

(b) ¢2(d) < ¢X(d),vd € D: ¢(d) remains the upper
bound in the whole space.

AIChE Journal

(¢) y2(D) = ¢X(d) for some d € D. In this case, the space
is partitioned into two smaller spaces with 2(d) the upper
bound in one and ¢'(d) the upper bound in the other.

3. Within each of the subspaces resulting from Step 2,
compare 3(d) with the respective upper-bound solutions.
Repeat until ¢ (d) has been compared.

Flexibility index

The procedure for comparing the K linear expressions
8%(d), k=1, ..., K, resulting from Step 4(a) of Algorithm 1,
is similar to that presented earlier. In this case, however, the
lower bounds must be retained, and the additional con-
straints 8%(d)>0, k=1, ..., K, must be enforced.

Appendix C: An Algorithm for mp-MILPs

Dua and Pistikopoulos (2000) have proposed an algorithm
for the solution of general mp-MILPs for the form

Obj(®) =min cl-w+cl-y
Wy

st.  Ajw+E;ry=b,+F-0,
A,w+Ey,ry<hb,+F,-0,
0<b;+F;-0,

w=>0, (C1)

where y is the vector of 0—1 binary variables. The steps of
the algorithm are outlined below:

1. Solve Eqg. C1 as an MILP with @ treated as a search
variable. This will give an initial integer solution y =y. If the
problem is infeasible, stop.

2. Fix y= y and solve Eg. C1 as an mp-LP. This will give a
set of K linear expressions, Obj*(®), and associated regions
of optimality, CR¥. The former represent upper bounds to
the final optimal solution within each of the regions CRX.
Note that if any regions in ®-space are infeasible, then the
upper bound is + o,

3. Within each of the regions CRX, solve an MILP similar
to that in step 1, but with the addition of constraints defining
CRX(®), an integer cut to exclude the previous integer solu-
tion, and a constraint to ensure that the objective function is
less than Obj*(®). This will give a new candidate integer so-
lution for each CRK. If any of the MILPs are infeasible, then
the algorithm is terminated for that region. The current up-
per bound represents the final solution in that region.

4. Within each of the regions CR¥, solve an mp-LP as in
Step 2, but this time at the new integer solution from Step 3.
This will give new parametric expressions and a set of corre-
sponding regions of optimality that are subspaces of CRK.

5. Compare the parametric solutions from Step 4 with the
current upper bounds. Retain the lower solutions and define
the regions in ®-space in which they are optimal.

6. Go back to Step 3 within each of the new (smaller) re-
gions from Step 5, and so on, until there are infeasible MILPs
in all of the regions.

Note that in Step 5, a similar comparison procedure to that
described in Appendix B is used. The difference here is that,
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when comparing two parametric solutions with regions of op-
timality CR* and CR?, the intersection of these regions, CR™,
must first be defined by removal of the redundant constraints
from the total set defining CR! and CR2. The comparison
procedure for the parametric solutions can then be applied
within CR™,

Iustrative example

Consider the flexibility test formulation of Grossmann and
Floudas (1987) applied to the system described by Eq. 13.
After defining X= x+50; Z=z+50; U= u+50; 1= u +50;
and Yy = — y, the formulation becomes

x(d)=min (—0+50),

s.t. —2%+3%7—0,=50—d,,

= 1 1 = 7
— S — X+ Z+591—502+U=25+d1—5d2,

N -

4 1
—5,+2X-27+ 501+ 62+G=50§ +2d,,

1 1
2450,-0,~0=26+d,~d;,

N | o

Sg— X+
M+ A+ A=1,

20+ A, —2X, — A, =100,

3ﬁ+%/\1—2/\2—§)x3=150, (C2)
AMA—p <0, 1=1,2,3,
s,+1,000p, <1,000, 1=1,2,3,
P+ Pyt P3<2,
0<6,, 6,<4,
0<d,d, <5,
0

A, 820

%,Z,0, 1
p=0,1;

v

, 1=1,2,3.

The mp-MILP algorithm of Dua and Pistikopoulos (2000) can
now be applied. Note that in this case, w=[X, Z, 6,, 6,, U, 1,
A 1=1,2,3]", y=[py, p,, psl", and O =[d,, d,]".

1. Solving Eq. C2 as an MILP with d, and d, as search
variables gives an initial integer solution p, =0, p,=1, and
ps=1.

2. Substituting the preceding solution in Eq. C2 and solv-
ing as an mp-LP gives

s.t. Xi(d) =+,

CR! = 2d,-3d,>7
d; <5, d,>=0.

~ 1 1
X (d):Edl_Edz_lr

CR? — 2d,—3d,<7
0<d,, d,<5.
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X' (d), i=1, 2, represent current upper bounds in CR', i=1,
2.

3. For each of CR! and CR?, Eq. C2 is transformed into
an MILP by again treating d, and d, as search variables;
adding an integer cut, p, + p;— p; <1, to exclude the inte-
ger solution from Step 1, and adding constraints for the ob-
jective function and region (for example, for CR?, the con-
straints, y <(1/2)d, —(1/2)d, —1 and 2d, —3d, <7, are
added). The MILPs in CR* and CR? both give p,=1, p, =1,
and p; =0 as the new candidate integer solution.

4. Fixing p;=1, p,=1, and p;=0 in Eq. C2 and solving
two mp-LPs, one in CR? and one in CR?, gives

~1a 1 1
X (d):_§d1+d2_gr

CR! = 2d,—-3d,>7
~ld;<5,d,>0.

E(*Za(d): +°°,

2d,-3d, < -1

2a _
CR {Osdlss,dzss.

b 1 1
X (d)=—5d1+d2—€,
-1<2d,—-3d,<7

2b _
CR {OsdlsS,dzzo.

5. e Within CR?Y, the current upper bound becomes
j(‘la(d).

e Within CR?2, the algorithm is terminated since there
is an infeasible solution. The final solution in this region cor-
responds to ¥ 2(d).

e Within CR?", the parametric solutions ¥2(d) and
¥2°(d)= *(d) are compared in order to retain the lower of
the solutions. This results in two new subregions

Sla ! .
X (d):_5d1+d2_g

5
CR2¢ — §S2d1—3d2S7
d,<5,d,>0.

~ 1 1
X (d)=5d1_5d2_1

5
—1<2d,-3d, <~

CR?9= 3

0<d;<5,d,>0.

6. MILPs are solved within CR?Y, CR?®, and CR?‘, as in
Step 3, with another integer cut (p;+ p, — p;<1), and ob-
jective function constraints. All three MILPs are infeasible
and hence the current upper bounds are the final solutions.
Substituting ¥ = — x and amalgamating the regions of opti-
mality leads to Egs. 17 and 18.
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